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Abstract 

A non-Hcrmitian generalized oscillator model, generally known as the Swanson model, has been studied 
in the framework of 7?.-deformed Heisenberg algebra. The non-Hermitian Hamiltonian is diagonalized by 
generalized Bogoliubov transformation. A set of deformed creation annihilation operators is introduced 
whose algebra shows that the transformed Hamiltonian has conformal symmetry. The spectrum is ob- 
tained using algebraic technique. The superconformal structure of the system is also worked out in detail. 
An anomaly related to the spectrum of the Hermitian counterpart of the non-Hermitian Hamiltonian with 
generalized ladder operators is shown to occur and is discussed in position dependent mass scenario. 

1 Introduction 

Recently there has been a surge of interest in deformed Heisenberg algebra containing the reflection op- 
erator TZ (R-deformcd Heisenberg algebra (RDHA) [1]. It appears in the context of Wigner quantization 
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schemes [2], initiated in 1950 by Wigner [3] generalizing the bosonic commutation relations. The single 
mode algebra that appeared in the work of Wigner implicitly, was further generalized for the field systems, 
and led to the concept of parabosons and parafermions [4]. In this sense it has some properties of uni- 
versality [5] . Hamiltonians with reflection operators have most notably arisen in the context of quantum 
many-body integrable systems of Calogero-Sutherland type [6] and their generalizations with internal 
degrees of freedom [7]. In ref[8], a hidden nonlinear supersymmctry was revealed in purely parabosonic 
harmonic oscillator systems (and in related Calogero models with exchange interaction) with the help 
of RDHA, and a problem of the quantum anomaly related to nonlinear supersymmetry was identified. 
This was actually studied later and resulted in the discovery of the hidden supersymmetry in quantum 
mechanical systems with a local Hamiltonian [9]. The RDHA was applied for the universal description 
of bosons, fermions, anyons and supersymmetry in (2+1) dimensions. In particular, the non unitary 
finite and infinite dimensional representation of the RDHA algebra have been used to obtain extended 
supermultiplets of anyons, or of bosons and fermions[10]. Deformed Heisenberg algebra has also been 
used to construct N = 2 supersymmetric quantum mechanics [11] and the associated exactly solvable 
models [12]. Symmetry algebras containing reflection operator in the representations of the generators 
of the algebra have been examined in the context of quantum oscillators [13]. Also, mirror symmetry 
plays an important role in the design of spin chains for quantum information transport [14]. Recently 
RDHA algebra has been employed for bosonization of supersymmetric quantum mechanics [15] and for 
describing anyons in (2+1) [16] and (1+1) dimensions [17]. The findings of many interesting physical 
and mathematical properties associated with these studies has prompted us to consider a non-Hcrmitian 
generalized oscillator model, widely known as the Swanson model [18] within the framework of RDHA 
algebra. Though many features of this particular Hamiltonian have been studied [19], to the best of our 
knowledge, this has not been reported so far in the literature. 

The non-Hermitian generalized oscillator Hamiltonian is given by 

H s = u{a)a+ i) +aa 2 + /3a) 2 , uj,a,(3eR (1) 

where a, at are bosonic harmonic oscillator annihilation and creation operators satisfying usual commu- 
tation relation [a, a*] = 1. If a ^ 0, Hs is non-Hermitian PT-symmetric (or equivalently "P-pseudo- 
Hermitian, V being the parity operator) [20], possesses real spectrum given by E n = (n + |)f2, n — 
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0, 1, 2, • • • where VL 2 = uj 2 — Aa(3 so long as uj > a + (3 and the eigenfunctions can be derived from those 
of the harmonic oscillator [18]. 

In the present work we shall study the Hamiltonian (1) with a, at satisfying the (anti)commutation 
relations of the RDHA algebra given by 

[a, a*] = 1 + vTZ 

{TIM = {K,at} = (2) 

tz 2 = i t# = tz- 1 = tz 

where v e R is a deformation parameter and TZ is the reflection operator, TZ = (— 1)^ = exp{mj\f). The 
number operator [10] 

M=\{a\a}-\{v + l), [^,ot]=at [Af,a] = -a (3) 

defines the Fock space 

J*={|n>,n = 0,l,2,---}, Af\n>=n\n> (4) 
where \n >= C n {a^) n \0 >, n = 0,l,---, a\0 >= 0, < 0|0 >= 1, 

C n = ([n]J)-i, [0]J = 1, [n]J = f[[/]„ n > 1, [/], = / + J(l - (5) 

i=i 2 

For v > — f, the RDHA algebra has infinite dimensional, parabosonic type unitary irreducible repre- 
sentations; for v = — (2r + 1), r = 1, 2, • • • it has (2r + l)-dimcnsional, non unitary parafcrmionic-type 
representations; for v < — 1 , v ^ — (2r + 1), it has infinite dimensional non-unitary representations. 
In what follows we have not considered any particular representation for the TZ deformed Heisenbcrg 
algebra. But it is important to mention that if one takes especially the non-unitary finite and infinite 
dimensional representations as was done in [10] then this will have an effect on the generalized Bogoliubov 
transformation (6) as well as on the spectrum of H' s discussed in section 4. 

The objective of the present work is two-fold: i) First, to analyse the conformal and superconformal 
structure associated with the diagonalized version of the non-Hcrmitian Hamiltonian (1) ii) Second, 
to obtain the equivalent Hermitian counterpart h [21] of (1) (with generalized ladder operators) by a 
similarity transformation [22] and show how the generalized quantum rule (2) in this case gives rise to 
an anomaly related to the spectrum of h. The reason for this apparent anomaly is attributed to the fact 
that the domain of x and the domain of the variable used in the coordinate transformation to obtain the 
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conformal Hamiltonian are not necessarily the same. Our findings will be illustrated in the framework of 
coordinate dependent mass models. 



2 Non-Hermit ian Oscillator Hamiltonian and Generalized Bo- 
goliubov Transformation 

In this section we shall just outline the essential results as the derivation is practically the same as 
has been done by Swanson [18]. The two new operators c, d are introduced by means of a generalized 
Bogoliubov transformation 



c = cl — a 

(I1I4 — I2I3) (I4I4 — hh) (q\ 
j _ h ~ h ^ ■ ' 

(hU — I2I3) (hh — hh) 
where the coefficients lj = 1, 2, 3, 4 are taken to be complex numbers. It reduces to the standard Bogoli- 
ubov transformation when I4 = /* and I3 = 1%. Equation (6) ) is written in matrix form as 




1 h -I 



{hh-hh) \ _/ 3 h 
Then the commutation relation (2) gives 




(7) 



[i ^(w7^ |a ' 4, ^(w7 1 W <1 + '' R, (8) 



Inversion of the matrix in (7) gives 

a = hd + foc 

a) — l 3 d + I4C 

Substituting (9) into (1) yields 



(9) 



H s = Acrf + ac 2 + /3d 2 + e + -u> (10) 



where 

A = u}{l 4 h+hl2) + 2al2h+20l 4 l 3 

a = uihh + l\a + l\0 

= ul 3 h + %a + l$0 



(11) 
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The coefficients lj s are so chosen that 

a = /3 = (12) 

are satisfied. If a = 8 = in (1), then (9) can be chosen to reduce to c = , , —. , and d = , , a. 
This yields the boundary conditions 

lim - - h \ - = (13) 

a,/3^0 (Z1Z4 - Z 2 Z3> 

and 

lim fl ' 4 lim 1 (l + ^) (14) 

a,/9->0 ^(/^ _ Z 2 / 3 ) a,/3^0 (ZiZ 4 - hh) 

Now the task is to find the solutions to (11) and (8) consistent with the limits (13) and (14). In the 
subsequent calculations, the value of (Zi Z4 — hh) has been set to unity. Writing the constraints of (12) 
as two quadratic equations under the assumptions h ^ and h ^ and choosing appropriate signs 
consistent with the limits (13) and (14) while taking the square roots, gives [18] 

2a/3 



hh = 
hh = 



(4a/3 -u 2 +uj v /uj 2 -Aafi) 
lu — \/w 2 — 4a/3 



(15) 



(16) 



2Joj 2 - 4aB 

11 t 
nh — ; = = 

y/cu 2 - AaB 

hh = , = = 

y/cu 2 - AaB 

Therefore A and e in (11) are 

A = ^Jlo 2 - AajB 
e = \{K - + vR) 

It is worth noting that in (16) e is a reflection dependent operator. The transformed Hamiltonian (10) 
then reads 

H s = Vu 2 - AaBcd+ ^lu 2 - AaB(l + uR) - ^luvR (17) 
In the coordinate representation [23], 1Z is realized by the parity operator V: 

V\x>=\-x>^{V,x} = {V,p x } = 0, V 1 = V~ 1 =V V 2 = l (18) 

whereas the deformed ladder operators can be realized in the form [1,16] 



c = -^(-x + ip x ) 
d = ~^{-x-ip x )) 



(19) 



where 



Substitution of (19) into (17) gives 



H' s = ^+ x ^ + ^(u 2 -2uP)} (21) 



H s - \uW , 



where H' s = -^=J==, ( W ^4^) 

3 Conformal structure of H' s 

Let us recall that the conformal group 0(2, 1) is spanned by three generators H, the Hamiltonian, D, the 
dilatation generator, and K, the conformal generator. These generators form together the algebra [24] 

[H, D] = iH [K, D] = -iK [H, K] = 2iD (22) 

If we define 

R=\{K + H) S= 1 -{K-H) (23) 

then R, D and H satisfy the 0(2, 1) algebra 

[D, R] = iS [S, R] = -iD [S, D] = -iR (24) 

Evidently, (23) corresponds to just a change of basis of the Lie algebra 0(2, 1). The subgroup generated 
by R is compact (rotation group in a plane) while those generated by S and D are not, being of the boost 
type [24]. Let us take the following representations for iJ, K, D 

1 r 2 v 2 -2vV, 
^ 2 { / + —^ } 
K = — (25) 
2 1 

D = --(xp x +p x x) 

where p = and p x is given by (20). Then it is easy to verify that 2R = H' s , S and D satisfy (24), 

i.e. H' s has the conformal symmetry. 



6 



4 Spectrum of H' s 

Let us introduce the ladder operators 



L ± = S±iD (26) 



These play the role of ladder operators, since these, together with R, satisfy the commutation relations 
of SL(2, R) algebra [24] 

[R,L±] = ±L ± {L+,L_] = -2R (27) 

At this point it is worth noticing that c 2 , d 2 and cd given in equation (22), satisfy the following commu- 
tation relations 

[c 2 , cd] = -2c 2 [d 2 , cd] = 2d 2 [c 2 , d 2 } = -Acd -2{l + vV) (28) 

These can be identified with the generators L_, L + and R of SL(2,R) algebra in the following way 

c 2 = -2L + d 2 = -2L_ cd = 2R- (29 ) 

In terms of H, K and D [24] 

L+ = \K-H + 2iD) 

L_ = \{K-H-2iD) (30) 
R = \{H + K) 

and the Casimir operator is given by 

J 2 = R 2 + R-L_L+ 

= + ( 31) 
£ _ — 

4 16 



where 



Putting J 2 = r (r — 1), one finds 



,2 



2vV 



(32) 



= i(i/ + 3) if P = -l (33) 



= + if P = +l 
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The reason for taking the positive sign before the square root in (33) arises from the conditions to be 
satisfied by the wavefunction of the quantum mechanical system. In this case the required conditions are 
the vanishing of both the lowest eigenfunction and its first derivative as x — > [24] . This requires r > | 
which is possible for the choice of positive sign. Now we write the eigenvalue equation as 

H' s \n>=e n \n> (34) 

where \n > are the eigenstates and |0 > labels the vacuum state. 
From the commutation relations (27), it follows that [24] 

L±\n,r >= C±(n,r )\n± l,r > (35) 

implying that successive eigenvalues differ by unity. Using (31), one gets 

\C±(n,r )\ 2 = e„(e„±l)-J 2 

(36) 

= e„(e„ ± 1) - r (r - 1) > 
so that e„ > r , e„ < — r . Here we consider e„ to be positive and hence e„ > | (since r > |), to 
obtain positive eigenvalues given by 

e n = r +n , n = 0,1,2,- ■■ (37) 

where tq is given by (33). 

5 Superconformal structure associated with H' s 

To study the supcrsymmctric version of conformal quantum mechanics of section 3, we shall make use of 
the general construction by Witten [25] . The supersymmetric generalization of H' s is [26] 

* - !««.«> (38) 

= \{vl + W 2 - BW'} 

where the grading operator B — ,tp] — ct 3 , ct 3 being the third component of Pauli spin matrices [34] . 

, -1 + Jl + 2v 2 + 4(1 + v 2 )(g ± 7/g) (u±2v s /g) ( 39 ) 
W(x) = ¥ —1 >J£ — 11L^\ 2 ^ vy; for B = ±l,V = l 

-1 + y/1 + 2^ +4(1 + u*)(g ±y/g) | (y ± 2 Vy /g) for £ = ±1 ^ = l 



2x 2x 



In (38), W(x) is the superpotential generating the conformal supersymmetric quantum mechanics and is 
obtained by solving a Riccati equation. For W(x) to be real g > giving rise to the constraint (^=Fl) 2 > 1 
(corresponding to V = ±1) which is consistent with the condition r > f (see equation (33)). The spinor 
operators ip and ift in (39) obey the anticommutation relation 

{V,^} = 1 (40) 
Introduction of an extra pair of spinor operators S and £ft as 

St = ipx 

(41) 

S = xtf 

endows the system with a richer algebraic structure, namely the superconformal algebra [1,27] which is 
given by 

±{Q c ,Qt} = H 
= K 

(42) 

i{Q c ,£t} = - iD _ + vV ) + 

\{Q\,S} = +iD-\B{l + vV) + y /g 
All other anticommutators like {Q c , Qc}, {Qc, S} vanish. Explicitly 

f X 
K = l -x 2 

I (43) 
D = ~(p x x + xp x ) 

B = [V,^] 

The fermionic raising and lowering operators are defined as 

M = Q c -S 
Mt = Qt - ^ 

iV = Q c + S 
Art = Qt + >S t 

which obey the anticommutator algebra 

i{M,Mt} = 2W + i(l + i^)B- > /5=«i 
i{iV,7Vt} = 2H -i(l + ^)B + V5-% 
-i{M,7Vt} = £_ 
-i{Mt,7V} = £ + 



(44) 



(45) 
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where 

Ho = \^H + K) is the supersymmetric generalization of the generator of compact rotation 2R = H' s 
each of Hi and Hi are supersymmetric Hamiltonians and 

C± are the supersymmetric generalizations of the ladder operators defined in (30). 



The superconformal algebra (42) closes since [33] 



[B, iV f ] = -ATt, [ Kj Aff] = _ 5 t ( 46 ) 

[H, N^} = -Ql = -AT* + 5 f (47) 

[B,S] = S, [K,S\=0 (48) 

[H,S]=Q C = N-S (49) 

In terms of the superpotentials W\(x) and Wi(x) corresponding to Hi and H2 respectively, M, M\ 
N and AT* are written as [26] 

M = (-i Px + Wi(x))^ 
Mt = yj(i Px + Wi(x)) 

(50) 

N = ^(i Px + W 2 (x)) 
= {-ip x + W 2 (x))tf 
The superpotentials Wi(x), associated with Hi is given by [28] 



Wi(x) = -^\ (51) 
u {x) 



where uq(x) (taking V = — 1) is 



uoCr) = A oe -^x^-+ 2 + 2 ^) 1 F 1 (l, (l/ + 3 + 2 ^ ) ,^) (52) 

being a constant, and i-Fi(a, 6, z) is the confluent Hypergeometric function [29]. Similarly Wiix) can 
be obtained. The case V = +1 can be treated analogously. 
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6 Reduction of the Hermitian counterpart of non- Hermit ian 
generalized Oscillator into the conformal Hamiltonian H' s 

In this section our aim is to obtain the equivalent Hermitian counterpart of the Hamiltonian (1) (with 
generalized ladder operators) by a similarity transformation and study the associated spectrum. The 
reason for taking generalized ladder operators giving rise to a generalized quantum condition (2) is 
that it allows access to those physical systems that are underlined by a coordinate dependent mass [30] 
whereby one can determine the isospectrality/ nonisospcctrality of the Hermitian Hamiltonian with the 
Hamiltonian H' s . The genralized ladder operators a, are taken as 

a = A(x)-^+B(x) + f(x)V = -A(x)-^ + B(x) - A' - f(x)V (53) 

where f(x) is a function to be determined later and prime denotes differentiation with respect to x. It is 
assumed that A(— x) = A(x),B(—x) = —B(x),f(—x) = —f(x). It is to be noted that both for V = +1 
and —1, B(x) and f{x) should have the same parity. In this case 

[a, a f ] = 2AB' - 4BfV + 2A' fV - AA" (54) 

Substitution of (53) into (1) and removing the first derivative term of the resulting Hamiltonian with the 
help of a similarity transformation gives the equivalent Hermitian Hamiltonian h [21] and is given by 

h = PicflHsPiln = —^A 2 -^ + Veff(x) (55) 

where 

p(a,p)=A(x)^exp(-(a-/3) J* ^dx') (56) 

V e/f (x) = \{a + P)AA" + [^ + ^^}A' 2 -[l + 2(a + /3) + 2(a-l3) 2 }A'B 

+ [1 + 2(a + /3) + (a- [3f]B 2 -(a + /3 + l)AB' + \{a + [3 + 1) + f 2 (57) 
T Af T (a + /3 + l)A'f ±2{a + p + l)fB iorV = ±1 
taking co — a — (3 = 1. It is important to mention here that p(a, (3) should be well defined on R [21] 
so that the eigenfunctions of h are normalizable. In fact this is consistent with the results obtained in 
section 6.1. There is a one to one correspondence between the energy eigenvalues of h and Hs- Also, if 
i> n (x) are the wave functions of the equivalent Hermitian Hamiltonian h then the wave functions of the 
Hamiltonian Hs are given by {p( a ,i3))~ 1 '4'n{x)- 
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If a and a) satisfy the generalized quantum rule 

[a, a f ] = 1 + vV (58) 

then comparison of (54) with (58) gives 



ft \ kl 

m = — 

where k\ = — % and for simplicity the integration constant is taken to be zero. Consequently, the 
Hamiltonian h given in equation (55) becomes 

Veff(x) = £,-^ + u 2 z 2 ±(l + a + f3)k l + k -±^± forP = ±l 

where Cj 2 = (*-P) 2 +2(<*+P)+\ For the change of variable (59) we have A' = A" = £ - ^ where 
'dot' denotes derivative with respect to z. Consequently the eigenvalue equation for the Hamiltonian h 
given in (60), reduces to 

_^ + [ ^ + ^) m) = lE _(A±^t ]m (61) 

where V has been taken to be equal to —1. Though in the subsequent calculations we have taken V = — 1, 
similar analysis can be made for V = 1 also. It is easily seen that equation (61) is the Schrodingcr equation 
for the Hamiltonian W s given in (21) for V = — 1. Equation (61) can be transformed into the Kummer's 
equation [29] 

V W + Ty { -^ - y]+ 4 + 4 ] = ° (62) 

where E' = E - (1+ " 2 +/3)ly , by the transformations 

V = ljz 2 <j)(y) = y~^e~^x(y) (63) 

Therefore the general solutions of equation (61) are given by 

M*) = N^z^+ie-^F^ ^^z 2 ) 

(64) 



b a {z) = N Q {uz 2 )h + ! ie 1 ^F 1 (^ - §L, ^,uz 2 ) 
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where 4> e and 4> denote respectively even and odd parity solutions and N ei N Q are normalisation 
constants. The eigenfunctions of the Hamiltonian h are given by 

ip(x) ~ A{z)-?<t){z) (65) 

where z(x) is given by equation (59). 
6.1 Breaking of Isospectrality 

In what follows we shall take the odd parity solution in (64) corresponding to V = — 1. Similar results 
can be obtained for V = 1 as well. To obtain the eigenvalues of equation (61) one has to analyze the 
behaviour of the odd parity eigenfunction in (64). If the domain of the argument ljz 2 is unbounded 
then 4> (z) will not in general, square integrable because of the asymptotic behaviour of the confluent 
Hypergeometric function [29], 

1 F 1 (a,b 7 y) = ^ e yy a - b [l + 0(y- 1 )} (66) 

Therefore to make the eigenfunctions square integrable one must take a = —m(m = 0, 1, 2, 3 • • • ) in which 
case iFi(a, b, y) reduces to a polynomial. Correspondingly 

E 2m+1 = (1 + " 2 +/ ^ + 2*(2m + ^2 ) (67) 

Hence in this case the Hamiltonian corresponding to the eigenvalue equation (61) has the spectrum of 
the Hamiltonian H' s subject to the constant ( 1 +"+ /3 )' y 

But if the domain of uz 2 is finite then the odd parity eigenfunctions in (64) must vanish at the end 
points of the domain of z and the eigenvalues will be given by the zeroes of the confluent hypergeometric 
functions when the arguments attain the end points. The first approximation of the m'th (m = 1, 2 • • • ) 
positive zero X of i-Fi(a, b, y) is given by [29] 

Hence from equation (64) we obtain, to the leading order (i.e. when b 1 is small in (68) which 

( 2 a) 

corresponds to large 



4C 

_ (l + a + 8)v urn 2 , u. 

E n = - 2~^ + 4^2 [n+ + 2 ] n = 1 >3,^--- ( 69 ) 

where z± are the end points of the argument of the confluent hypergeometric function. Hence in this the 
Hamiltonian corresponding to the eigenvalue equation (61) is not isospectral to the Hamiltonian %' s . 



13 



7 Connection with coordinate dependent mass models 

As mentioned earlier the Swanson Hamiltonian with generalized ladder operators enables one to connect it 
to those physical systems which are endowed with coordinate dependent mass by choosing A(x) = m(x)~? 
which is a strictly positive function [22]. In this case the Hamiltonian (55) reduces to the coordinate 
dependent mass Hamiltonians [30] for which the corresponding Schrodinger equation reads 

<-E^s + "•"<*>»«-**« <™> 

Example 1. Unbroken Isospectrality 

Let us consider the mass function m(x) = e x . This mass function is used in studying the transport 
properties of semiconductors [31]. Correspondingly z(x) = 2e% which belongs to (0, oo) as x e (-co, oo). 
This choice of mass function gives rise to the effective potential 

V eff (x) = -^r[4fc? + 4fcj - 3] + 4e x u - fci(l + a + 0) (71) 

In this case, the eigenvalues of the Hamiltonian corresponding to the effective potential (71) is given by 
(67) i.e. the Hamiltonian is isospectral to the Hamiltonian (21)with V = — 1. 

Example 2. Broken Isospectrality 
In this case the mass function m(x) = sech 2 (x) which depicts the solitonic profile [32] is taken. Cor- 
respondingly z(x) = tan _1 (sinhx). Clearly z(x) — > z±(= ±|) as x — > ±oo. The effective potential 
is 

Veff(x) = 7-7 cosh 2 x + ^[tan-^sinhx)] 2 + ^±H— - (1 + a + P)k x (72) 
4 4 [tan (smhx)J^ 

The eigenvalues of the Hamiltonian h corresponding to the effective potential (72) is given by (69) putting 
z±=±f 

E n = {l + a + fi)v + u[n+l+ U -f n=l,3,5,-- (73) 
Therefore in this case the Hamiltonian is nonisospectral to the Hamiltonian (21) with V = — 1. 



8 Conclusion 

A generalized Bogoliubov transformation is used to diagonalize the non-Hermitian oscillator Hamiltonian. 
Within the framework of TZ deformed Heisenbcrg algebra the diagonalizcd Hamiltonian is shown to 
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possess the conformal symmetry. The supersymmetric generalization of the above Hamiltonian and the 
associated superpotential have been constructed. Two Hamiltonians constructed by the fermionic raising 
and lowering operators are found to be supersymmetric in nature and the superpotentials associated with 
each of these are worked out. The Hermitian counterpart of the non-Hcrmitian oscillator Hamiltonian has 
been studied by using a generalized form of the ladder operators but keeping the generalized quantum rule 
(2) intact. This reveals an intriguing result in the sense that in this case the resulting Hamiltonian does 
not always possess the spectrum of the conformal Hamiltonian. The reason for this apparent anomaly is 
due to the peculiarities of the transformation involved. Our findings has been explained in the physically 
realistic quantum mechanical models with coordinate dependent mass. 
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